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EXAMPLES OF EVENTS
THAT ARE PAIRWISE INDEPENDENT
BUT NOT MUTUALLY INDEPENDENT

Petar Kopanov

Abstract. The concept of independence is central to Probability Theory.
When we have more than 2 random events we have different types of in-
dependence: ensemble independence and pairwise independence. In this

work, we will give examples of N random events Ay, As, As, ..., An,
N > 3, which are not independent in aggregate, but for each of their subset
of k, 1 <k < N events Ay, An,, Any, ... ,An, these events are mutu-

ally independent (and therefore pairwise independent). The examples are
constructed using a symmetric die with 2V~ faces, which are colored N
different colors, conventionally denoted by the numbers 1, 2, 3, ..., N.

Key words: Independence, Pairwise independence, Mutual independence.

We will describe the scheme for N = 3 colors, N = 4 colors (to better
illustrate the idea) and for any number of N > 3 colors.

We will use the well-known combinatorial equality

—+00 —+00

2k 2k+1 _ on—1
Yoook= Y o=
k=—o00 k=—o00

(for k < 0 or 2k > n C?* = C?**1 = () so the sums are actually finite).

First we consider experiment with odd number of colors placed on

each side of the dice: on N = C} walls there is 1 color applied, on
N'(N_lg'(N_m = (% walls have 3 colors applied, on N'(N_1>'(N_122)6(N_3)'(N_4) =

C3; walls of dice have 5 colors applied, and so on.

+00
1) The dice is a regular tetrahedron. N = 3 colors. 4 = > Ol =

k=—o00

2371 (Figure 1, Bernstein Example).

On the sides of the dice there are 3 colors — white (1), green (2) and
red (3). There is one color on 3 = C§ walls and 3 colors on 1 = C§ walls.
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Then
2 1

[Ai] = [Az| = |A3] =2 — P(A1) = P(Ay) = P(A3) = ;=5
|A1A2| = ‘AlAg‘ = |A2A3| =1—

1
P(A1As) = 1= P(A;).P(Ay),

1
P(A1A3) = Z = P(AI)P(A3),

1
P(AyA3) = 1= P(Ay).P(A3)

1
|A1A2A3| =1— P(AlAQAg) = Z

Figure 1. Figure 2.

+00
2) The dice is a regular octahedron. N = 4 colors. 8 = . C3Fl =
k=—o00

2471 (Figure 2).

There are 4 colors on the sides of the dice — white (1), green (2), red
(3) and blue (4). There is one color on 4 = C} walls and 3 colors on 4 = C;
walls.

Then
1

[A1] = [As| = |As] = |A| =4 — P(A)) = P(Ay) = P(43) =
‘AlAQ‘ = |A1A3| = |A1A4| = ‘A2A3‘ = |A2A4| = |A3A4| =2 —
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P(A, Ay) — ; _ i — P(A)).P(As),
P(AiAs) = £ = = P(A).P(4y)
P(AA,) = ; _ i — P(A).P(Ay),
P(AyAs) = % = i = P(A2).P(43),
P(AyA,) = ; _ i — P(A3).P(AJ),
P(A3A,) % _ % — P(A3).P(Ay).

’A1A2A3| = ‘A1A2A4| = ‘A1A3A4’ = ‘A2A3A4’ =1—

P(A1AsA5) = ¢ = P(A).P(4s) P(45),
P(A) Ay Ay) = % — P(A)).P(As). P(AY),
P(A Ay A,) = % _ P(A)).P(As).P(A)),
P(AyAyAy) = é — P(Ay).P(As). P(A)),
P(A1As A As) = 0 # P(AY).P(A2) P(A5) P(As) = -

3) General case. N colors. N > 3.

Figure 3. Bipyramid with 16 = 257! Figure 4. Bipyramid with 32 = 2°6-1

walls. Its walls will be colored with walls. Its walls will be colored with
N =5 colors. N =6 colors.

The dice is a regular bipyramid. The base of a bipyramid is a regular
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+00

polygon with 2V¥=2 sides, and a bipyramid has CJQ\;“H = 2V~ faces
k=—o00

that are equal isosceles triangles.

The sides of the dice have N colors.
N.(N—1).(N—2

On N = C}, walls there is one color, on . ) — C% walls there
are 3 colors, on N'(N_l)'(N_é)dW_g) N1 C%; walls there are 5 colors, and

SO O1l.

The total number of colored walls is Cy + C% + Cx + -+ = 2V°L,
Let Ay = {the k™ color has appeared on the wall}, k=1, 2, 3, 4,..., N.

|Ax| = CJOV_1 + Cfv_l + Cﬁ[_l + Czﬁv_l 4...=9N2
oN-2 1
Ay Ap| = Oty + Oy s + Oy + Oy + .. = 2877
2N—3

1
— P(AklAkg) = ON—T = Z = P(Akl)P(AkQ)

|Ag, Apy Apy | = Cy2a +ON% 3 +Cx 3+ Cx g +--- =21

2 L p(an) P(A) P(A)

— P(AklAkgAks) = ON—T 3

(The first combinations are for the one-color walls, the second are for the
three-color walls, the third are for the five-color walls, etc. )

[ Ay ApyApg - Ag | = ONZ + O, + OF 2 + O+ =287

2N—s—1
— P(AklAkQAk3 Aks) = ON—T

1

=5 = P(Ag,).P(Ag,).P(Ag,) ... P(Ay)
A A, Apy o Ay | =1
1

— P(Akl‘AkQ'Akg ce AkN_1) = W

— P(A,).P(A).P(Ay) ... P(Ax_1)

0, N even number
1 odd number
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0, N even number

Ag Az .. Ay) = 1
— P(A1.A. Az .. Ay) { SN N odd number

1

Now let’s consider a similar experiment, but an even number of colors

will be placed on each side of the dice: on 1 = C¥, walls there are 0 colors

applied (the wall remains unpainted — for example black), on w = C%

walls have 2 colors applied, on N'(N_l)'(;\;_Q)'(N_g) = C' walls have 4 colors

applied, and so on.

Again, we consider the tetrahedron, octahedron, and general case:

+0o0
4) The dice is a regular tetrahedron. N = 3 colors. 4 = > C¥* =

k=—o00
2371, 3 colors are applied to the sides of the dice — white (1), green (2) and
red (3). On 1 = CY walls there are zero colors, on 3 = C2 walls there are
2 colors applied. Then

2 1
|A1| = |As| = |A3| =2 — P(Ay) = P(Ay) = P(A3) = - ==

4 2
|A1A2| = ‘AlAg‘ = |A2A3| =1—

P(A14s) = 7 = P(4).P(Ay),
P(A145) = = P(4).P(A3),
P(AA3) = i = P(Ay).P(As3),

1

+00
5) The dice is a regular octahedron. N = 4 colors. 8 = Y. C¥ =

k=—o00
211,
There are 4 colors on the sides of the dice — white (1), green (2), red
(3) and blue (4). There are zero colors on the 1 = CY faces, 2 colors on the
6 = C? faces, and four colors on the 1 = C} faces.
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Then
4 1
[Ar] = [As] = |A3] = | A = 4 — P(A) = P(42) = P(4y) = 5 = 5
(A1 do| = [A1As] = [A1Ay] = [A2A3] = [A2A4| = |A3A4| =2 —
2 1
P(A1Ap) = 3T 1 P(A1).P(As),
2 1
P(AA3) = ST1° P(A;).P(As3),
2 1
2 1
P(ApA3) = 3T 17 P(Az).P(As3),
2 1
2 1
‘A1A2A3| = ‘A1A2A4‘ = ‘A1A3A4‘ = ‘A2A3A4‘ =1—
1
P(A1AyA3) = o = P(A1).P(A2).P(As),
1
P(A1A2Ay) = 3 P(A1).P(As).P(Ay),
1
P(A1A3Ay) = 3= P(A;).P(A3).P(Ay),
1
P(AyA3Ay) = ' P(Ay).P(A3).P(Ay),
1 1
P(A1AA3Ay) = 3 # P(A1).P(As).P(A3).P(Ag) = 16

6) General case. N colors. N > 3.

The dice is a regular bipyramid. The base of a bipyramid is a regular

+00
polygon with 2¥~2 sides, and a bipyramid has Y. C% = 2N~! faces that

k=—00

are equal isosceles triangles.

The sides of the dice have N colors. On 1 = CY, walls there is one

color, on N'(];_l) = (% sides there are 2 colors, on N'<N_1)'(;2_2)'(N_3) =Cy
sides there are 4 colors, and so on.
The total number of colored walls is C% + C% + Oy + -+ = 2NV °1L,
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Let Aj = {the ™ color has appeared on the side}, k =1, 2, 3, 4,..., N.

|Ak‘ = C]:fl_l + 0]1\7_1 + 0]3\/'_1 + C]Ei/'_l + cr — 2N_2
QN2 1
A, Apy| = C2 o + Crp + O g + Cyp - =207

N3 1
— P(AklAkg) = — = - = P(Akl)P(AkQ)
oN-1 4

|Ap, A, Ayl = CP s + Cylg + O g + O g 4o =2
oN—-4
— P(AklAkQAkg)

= S = 5 = P(AW)-P(A,).P(AL)

(the first combinations are for the single-color walls, the second are for the
three-color walls, the third are for the five-color walls, etc.)

A Ay Apy . Ay,

= Oyl + Oy + Oy + O+ =20
2N*S*1
— P(Akl.AkQ-Akg ----- Aks) - ON-1

_ 2l — P(A)-P(A).P(Ay). ... P(A,)

(A Ay Apy o Ay | =1

1
— P(Ak‘l'Akg'Ak‘?, ce Akal) = W

= P(Ay,).P(Ar,) . P(Ag,). .. .. P(Ayx_1)
1, N even
|A1. Ay As. . ... An| = { 0. N odd

1
— P(A1.A2.45. .. .. Ay) =14 oN-DI N even
0, N odd

And in this case we got events that are not independent in aggregate,
but for each of their subset of k, k < N events Ay, .Ax,. Ak, Apy

these events are collectively independent. The difference is the probability
P(A1.A5. A3, ... .Ap).
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To illustrate better the complexity of the i situation with indepen-
dence in these trials, we will consider a combination of the two trials (with
an even and an odd number of wall colors) by combining them into one:

Consider the following experiment: we have two symmetric dice with
2N=1 faces each, which are colored N different colors, the first being colored
according to the “odd rule” (with 1, 3, 5, ... colors on the faces) and the
second is colored according to the “even rule” (with 0, 2, 4, ... colors on
the walls) as described above. We toss a fair coin and if it lands heads
(event H; with probability 3) then we roll the first die with the odd number
of colors on the walls, and if it lands heads (event H, with probability %)
then we roll the second die with the even number of colors on the walls.
Then for each of the events Ay,.A,.Ag,. ... A, we have (by the formula
for the total probability)

P(Akl'AkQ'Ak’g' e Aks) = P(Hl)P(AklAszk?) . -Ak:s H1)+
+ P(Hy).P(Ap Ay, Ap.. ... Ay |H)

1
=—, s=1,2,3,4,..., N.
25
The case s = N differs from the others, but this probability is trivially
computed here as well.

We obtained that the events Ay, A, A3, ..., Ay are collectively
independent in this trial! In the two separate experiments (rolling a die
with an even or odd number of wall colors) we have no independence in
aggregate, but when they are combined the dependence disappears!

In fact, this trial is equivalent to the following trial with only one
symmetric die: given a symmetric die with 2V faces that are colored N
different colors, with 1 = C% faces having zero colors, N = C} faces

NV-1) '(];7 —U — 2 walls there are 2 colors applied,

= (3, there are 3 colors applied, 4 colors are applied to
2N—1

there is 1 color applied, on
N.(N—1).(N—2)

on
N'(N_l)'(é\;_Q)'<N_3) = C%, walls, etc. (we have walls each colored with
an even number of colors and 2V~ walls each colored with an odd number

of colors).

The dice is thrown and it is counted on which wall it landed. If the
die lands on a side with an odd number of colors, we have an event H1 with
probability % If the die falls on a side with an even number of colors, we
have an event H2 with probability % The probabilities of the remaining
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events are calculated according to the above scheme and turn out to be

again P(AklAkQAk‘g Aks) = %, S = 1, 2, 3, 4, ceey N.

Comments:

Instead of a symmetric dice to generate the trials, another physical
object generating the 2 outcomes with equal probabilities (e.g. a roulette
wheel) can be used. Other combinatorial dependencies can be used to give
other schemes illustrating the complexity of the notions of “independence”
and “mutual independence”.

Examples of real dice (for illustration):

Figure 5.

Figure 7. Examples of symmetric dice.

Some are Platonic solids, others are bipyramidal in shape.
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